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1. INTRODUCTION 
The Held group, written He, is a sporadic simple groups of order 
2”. 33. 5’. 73. 17. In this paper we prove that the irreducible 7-modular 
Brauer characters of He are given in the table below. 
We use ATLAS names for the 7-regular classes of He and for the 
irrational entries in the table (see Cl]). The first five characters give the live 
blocks of defect 0. The next three characters belong to a block of defect 1 
whose Brauer tree is: 1 6272 , 14553 . n . 7497 1 (see [S]). The first three ver- 
tices of this tree correspond to the ordinary irreducible characters of He of 
degrees, 6272, 20825, and 22050, and the right-hand vertex corresponds to 
the pair of ordinary irreducibles of degree 7497. The final ten characters of 
our table form the principal block, of defect 3, and the remainder of this 
paper is concerned with the calculation of this block. It is worth observing 
that there are no irrationalities in the character values in the principal 
block; this is easily proved by examination of the ordinary characters in the 
principal block, and it makes life slightly easier for us later. 
We make use of the ordinary character tables of the groups He, S,(4) : 2, 
and 3’s’ which are available in [ 11. We also need some properties of a 
51-dimensional non-associative algebra invariant under the Held group 
(this information is collected in Appendix 1, but was obtained from [7]). 
The calculation falls into two phases. To begin with, in Sections 2 and 3, 
we use results obtained with the aid of the MOC3 computer system of 
Parker, Lux, and Hiss (see 14 or 61) to show that the table is one of a set 
of eight possibilities. The second part of our calculation consists of ruling 
out seven of the eight possibilities, this is carried out in Section 5 where we 
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TABLE I 
The 7-Modular Character Table of He 
1A 
1029 
1029 
13720 
17493 
23324 
6272 
1497 
14553 
50 
153 
426 
798 
1072 
1700 
3654 
4249 
6154 
2A 2B 3A 3B 4A 4B 4C 5A 6A 6B 8A 10A 12A 12B 15A 
-35 21 21 0 -7 -3 1 4 1 0 -1 o-1 0 1 
-35 21 21 0 -7 -3 1 4 1 0 -1 o-1 0 1 
-56 56 -14 7 0 8 0 -5 -2 -1 0 -1 O-l 1 
21 21 -21 0 -7 -3 5-7 3 0 1 1 -1 0 -1 
-196 28 14 -7 0 4-4-l 2 1 o-1 0 1 -1 
-64 0 35 8-8 0 0 -3 -1 0 0 1 1 0 0 
81 -7 0 3 -3 1 -3 -3 0 -1-l 1 0 1 0 
9 -7 0 -9 9-7 1 3 o-1 1 -1 o-1 0 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
10 2 5-l 2 2-2 0 l-l 0 0 -1 -1 0 
9 -7 0 3-3 1 1 3 O-l l-l 0 1 0 
26 10 3 -3 -2 2 2 1 -1 l-2 1 1 -1 -2 
38 14 6 3 6 -2 2 -2 2 -1 o-2 0 1 1 
16 -16 10 -2 0 0 0 -3 -2 2 0 1 0 0 0 
20 4-10 5 0 -4 -4 0 2 1 0 0 O-l 0 
-10 38 -9 3 2 -2 -2 4 -1 -1 2 o-1 1 1 
9 -7 -8 -5 -3 1 1 -1 0 -1 l-l 0 1 2 
-70 -22 -2 7 6 2 2 4 2-l-2 0 0 -1 -2 
17A B* 
-bl7 
-b;7 
0 
0 
-1 
0 
-1 
0 
-1 
0 
-1 
-1 
0 
0 
0 
-1 
0 
-1 
0 
-1 
1 
0 
-1 
-1 
0 
use the following module theoretic results proved in Section 4 (G is any 
group and F is a field of finite characteristic p): 
THEOREM A. Suppose that V and W are absolutely indecomposable finite 
dimensional FG-modules whose degrees are coprime to p. Let U be any finite 
dimensional FG-module. Then W is a direct summand of U 0 V if and only if 
V’ is a direct summand of U@ w’. 
(In Theorem A and throughout this paper, V’ denotes the dual space of 
V, namely Hom,( V, F). Similarly u’ and w’ denote the dual spaces of U 
and W. Also if Z is a matrix we shall denote the transpose of Z by Z’.) 
Our proof of Theorem A also gives an elementary proof of the following 
result of Benson (a proof using almost split sequences is outlined in [2]): 
THEOREM B. Suppose that V is an absolutely indecomposable finite 
dimensional FG-module whose degree is divisible by p. Let U be any finite 
dimensional FG-module and let W be any absolutely indecomposable direct 
summand of U@ V. Then p(deg( W). 
In Section 4 we also prove: 
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LEMMA X. Let V be a self-dual, irreducible FG-module with a 
G-invariant totally symmetric trilinear form. If the Killing form of the 
nonassociative algebra obtained from the trilinear form on V is non-zero, 
then V is a direct summand of its symmetric square. 
2. CANDIDATE AND ATOM TABLES 
We shall encounter several different types of characters and tables, and 
our terminology is not entirely standard, so for convenience we collect the 
following conventions, notation, and definitions: 
A proper character is the Brauer character of a ‘I-modular represen- 
tation of He. 
A projective character is the Brauer character of a projective 
7-modular representation of He. 
All proper (or projective) characters are functions from the set of 
7-regular classes of He to C and we often regard them as 1 x 18 row vectors 
whose coordinates give the values on the eighteen 7-regular classes of He. 
A table is a set of characters (known as the rows of the table), the terms 
proper table and projective table are used for tables consisting of proper or 
projective characters, respectively. The lattice ii, is the lo-dimensional 
Z-module spanned by the proper characters in the principal block, and its 
elements are called virtual characters. The lattice np is the lo-dimensional 
B-module spanned by the projective characters in the principal block; its 
elements are called oirtual projective characters. These lattices are mutually 
dual with respect o the usual inner product on pairs of characters, namely: 
(4, II/)= (WI 1 Cc ICI 4(C) C(C), where C ranges over the 7-regular 
conjugacy classes of He. 
Our aim is to find the following dual pair of tables: the Brauer table 
(which we denote by B, whose rows are the irreducible 7-modular Brauer 
characters in the principal block), and the PZM table (called P, which 
contains the characters of the projective indecomposable modules in the 
principal block-we use the term PIM for a row of P). In order to obtain 
these tables, we begin by finding a pair of tables of the following types: 
A candidate B-table, which is a proper table whose rows form a 
Z-basis for /1,. 
A candidate P-table, which is a projective table whose rows form a 
Z-basis for np. 
LEMMA 1. Suppose that B,. is a proper table with 10 rows and P, is a 
projective table with 10 rows. Let X be the matrix whose (i, j) entry gives the 
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inner product of the ith row of B,. with the jth row of P,.. If X has deter- 
minant 1, then B,. is a candidate B-table and P, is a candidate P-table. 
Proof. We can find a pair, Y and Z, of 10 x 10 matrices of positive 
integers such that B,. = YB and P,. = ZP. It follows that X= YZ’ and if X 
has determinant 1 then so too do Y and Z. 1 
We shall apply Lemma 1 to obtain a pair of candidate tables, but to 
begin with we need a large supply of proper and projective characters. The 
only readily accessible proper characters of He are obtained by restricting 
ordinary characters to the 7-regular classes, and this gives us a proper 
table, R say. In Appendix 2 we describe the construction of a projective 
table, S, whose rows are obtained by inducing projective characters of 
subgroups of He and removing the part of the resulting character which 
lies outside the principal block. 
LEMMA 2. Let B,. be the table whose rows are the restrictions of the 
ordinary characters called 1, 51a, 680, 1275b, 1275a, 4352, 6528, 153a, 4080, 
10880 in [ 11 Cfor example, 51a is the first character of degree 51 and 1275b 
is the second character of degree 1275 in the ATLAS ordering). Let P, be the 
table whose rows are the following collection of linear combinations of rows 
of S: S,, S3, Sz, S,, S4, S,,, S,, -S,,, S8, S5, and S, (see Appendix 2 for 
the exact definitions of these characters). Then B,. and P,, form a pair of 
candidate tables. 
Proof. The matrix X giving the inner products between the rows of 
these tables is given in Section 3 and its determinant is 1. B, is clearly a 
proper table, and so we just need to check that the characters of P, are 
projectives. The only doubt is whether S,, - SiO is a projective. But the 
sum of two copies of this character gives a character identical to S,. 
Therefore the inner products of S;, -S,, with the irreducible Brauer 
characters are all positive, moreover they are integral and so indeed 
S,, - SiO is a projective character. 1 
Now let X, Y, and Z be defined as in Lemma 1, the factorization 
X= YZ’ expresses X as the product of a pair of matrices with positive 
integral entries. In order to obtain a finite set of candidates for Y and Z 
(and hence for B and P), we must solve the following: 
PROBLEM 1. Let X be an n x n unimodular matrix of positive integers. 
Determine all factorizations of X as a product of two n x n matrices of 
positive integers. 
Even for our comparatively sparse matrix X this is very difficult, however 
there are some obvious constraints on the possible factors Y and Z’. For 
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the row of B= Y-’ B, = Z’X-’ B, have positive inner products with the 
rows of S. Now let S* be the matrix giving the inner products between the 
rows of B,. and S, and let St = X-’ S*, then Z’S+ must have positive 
entries. Dually, if R* is the matrix giving the inner products of the rows of 
P,. and R, and if Rt = X-“R*, then Y’Rt also has positive entries. We 
have now obtained a more tractable problem namely: 
PROBLEM 2. Let X be a unimodular n x n matrix of positive integers. 
Let Rt and St be two given integers matrices each of which has n rows. 
Determine all factorizations X= YZ’ of X as a product of n x n matrices of 
positive integers which satisfy the constraint that Z’Rt and Y’S+ have 
positive entries. 
In the solution of Problem 2 it is natural to introduce the Brauer atom 
table (written B,, whose rows are obtained as the rows of X-’ B,) and the 
the Projective atom table (P, =X-l’ P,). These are tables of virtual 
characters; our definitions are actually somewhat misleading since, for 
example, the Brauer atom table does not depend on B, at all-it is the 
table of virtual characters dual to our Candidate P-table. Similarly the 
Projective atom table is dual to our Candidate B-table. The constraint 
matrix St can be obtained by taking the inner products of the rows in P, 
with the rows of S, and Rf can be obtained from P, and R. 
3. FEASIBLE FACTORIZATIONS OF X 
In this section we let B,, P,, P,, B,, R, S, and X be as in Section 2. The 
entries of X can be read from the diagram given below; the number of 
nodes (* or 0 ) marked in the (i-j) position of the main square gives the 
(i-j) entry of X. The lists of symbols bordering the square represent: the 
rows of C, (above), the rows of P, (below), the rows of P, (to the left) and 
the rows of B, (to the right). The right-hand part of the diagram gives the 
,inner products of the Brauer atoms with three particular projectives, 
c1= S,,, p = S,,, y = S,, (see Appendix 2 for the constructions of these 
projective characters). Similarly, the bottom part of the diagram gives the 
inner products of the Projective atoms with six ordinary characters of 
He-namely a = 1920, b = 7650a, c = 11475a, d = 14400, e = 21504a, 
f= 11900. 
As well as giving the inner products between rows of P, and rows of B,, 
the entries of the matrix X give the atomic decompositions of our candidate 
characters. For example, reading down the 3rd column of X, we see that 
the corresponding row of B,, x say, is composed of the following collection 
of Brauer atoms (named by their degrees): x= 1 + 50+ 50+ 1072+ 
2058 
65856 
1 51 680 1275 1?75 4352 6528 153 4080 10881 
I I I ( I I I I I 
*a3-bl- f2 l 
dl e3 e3 b4 c2 
“rro 
Cl 
27097 
72 
352947 
77518 
325650 
91238 
267883 
IOGG73 
217462 al b2 _r e3 -0 b4, 
I 1.I-I /-“!“I I I 
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-952 
-442 
2396 
3758 
1072 
-646 
153 
245 
a B 7 
1 1 0 
3 1 0 
-1 1 -1 
1 2 1 
-1 1 -3 
0 -1 3 
0 2 4 
2 1 2 
0 0 -2 
1 0 0 
FIGURE 1 
( - 646) + 153. This collection of atoms breaks up into the subcollections of 
atoms belonging to each of the irreducible constituents of x. In particular, 
one of the irreducible constituents of x contains the Brauer atom of degree 
-646, and if we consider the inner product of this constituents with the 
projective character y we deduce that it must also contain the atom of 
degree 1072 (in order to have a positive inner product with y). In Fig. 1 we 
join a pair of nodes with a vertical line if we can prove that they 
correspond to Brauer atoms in the same irreducible constituent of a row of 
B,. Our deduction is visible as a line joining the nodes in the 8 th and 9 th 
rows of the 3rd column; the line is labelled y,, which means that the 
corresponding deduction was the 1 st made in its column and was made by 
using the constraint y. Dually, the entries of X give the decompositions of 
the rows of P, into Projective atoms. We join two nodes horizontally if the 
corresponding Projective atoms belong to a common PIM. All of the lines 
in our diagram which are labelled with a subscripted letter are obtained in 
this way. 
(In the second row, the first deduction, which is made by using the 
constraint d, tells us that the 1 st and 4th nodes of the row are joined, and 
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we cannot link up the nodes in the indicated manner until after the 3rd 
deductions. In all other cases the links are obtained in the illustrated 
sequence. ) 
Now suppose that a vertically linked collection of nodes (which form 
part of an irreducible character, $ say) meets a horizontally linked 
collection (part of a PIM, rr say), then ($, rc) > 0 and therefore n must be 
the PIM corresponding to the irreducible $. In particular 7t is an 
indecomposable constituent of any projective whose inner product with + 
is non-zero. For example, the labelled links of our diagram show that the 
9 th row of P,. is a PIM and, moreover, it appears as a constituent of the 
8th row of P,.. Using this argument, we complete the remaining links in 
two of the three 2-dimensional connected structures of our diagram. After 
this we are in a position to make yet more deductions by using the 
constraints, these deductions are labelled on the diagram by a constraint 
name without a subscript (for example, the line in the 8 th row labelled by 
c) and then we can complete the third of the two-dimensional components. 
If we were able to join up all of the atoms inside common irreducibles or 
projective indecomposables, we would end up with a diagram containing 
ten connected components (corresponding to the rows of B and P). 
However, we observe that no pair of the ten *-components (which contain 
solid nodes (a)) can ever be linked together (because no such pair could 
complete a 2-dimensional structure). Therefore each of the 0 -components 
(made up out of empty nodes ( 0 )) must be linked to one of the ten *-corn- 
ponents. The unlabelled links in the bottom row and the right-hand 
column are obtained in this way. However, the three remaining o-corn- 
ponents can be linked either horizontally or verically to *-components. 
Multiplying these choices together we obtain a set of 8 possibilities for the 
Brauer table (or the PIM table). 
Rather than keep 8 possible tables, it is more convenient to produce new 
versions of the atom and candidate tables. In one of the eight possibilities 
for the Brauer Table, all of the unknown links in the diagram of X are 
horizontal. The rows of this table are positive integral linear combinations 
of the rows of any of the other seven possible character tables. Therefore 
this table certainly is a Candidate B-Table. Similarly the possible table in 
which all of the unknown links in X are horizontal is a Brauer atom table, 
which is dual to a new Candidate P-Table. In Section 5 we shall use the 
new Candidate B-table and the new Brauer atom table, so we list the 
degrees of their rows: 
B,:l 50 748 1700 153 4096 1072 426 3654 6154 
B,.:l 50 798 1700 153 4249 1072 426 3654 7226 
Each Candidate B-character contains the Brauer atom immediately 
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above it (and where the two entries in a given column are equal, they 
represent an irreducible Brauer character of He). 
4. SUMMANDS OF TENSOR PRODUCTS 
In this Section, F is any field of characteristic p, G is any group, and all 
modules which we consider are finite dimensional. In the following lemma, 
U, V, and W are FG-modules. We make use of the natural isomorphisms: 
@ w,,: Horn&w’, U@ V) 2 Hom,( V’, U@ W) 
Y cyc,: Horn& UC+ V, IV’) z Horn&U@ W, V’). 
Where QwV and Y,+,, are defined by the equations: 
which hold for all choices of u, u’, v, v’, w, w’, fw, g, in U, u’, V, V’, W, 
IV’, Hom( W’, U@ V), Hom( U@ V, W,), respectively. 
LEMMA 1. Suppose that fw: W+ UQ V and g,: U@ V-, W’ are 
FG-module homomorphisms. Let f v = @ ,,& fW): V’ + V @ W and g, = 
!P’,,(g,): UQ W+ V’. Then Tr(f,g,)=Tr(f,,g,). 
Proof: Let {u~},~,, {v,},~~, {w~}~~~ beany bases of V, V, and W. Let 
{u’)~~,, {v~},~~, {wk}keK be the dualbases of U’, v’, and IV’. Let wkfW= 
Ct,,fi,,Cu~ @u,)and (Ul @V,)gw z~ng~m,W”. Thenv’f, =&filk(~i 63 wk) 
and (ul 0 wn) gv = C, g,m,tum. 
We calculate: wk.fwgw = C,,i,n fjjk giinw” and thus Tr(f,g,) = 
&,k f;,k g,,. Similarly, Tr(f v g V) = C,,,,k fijk gijk. I 
LEMMA 2. Suppose thar GL EEnd& V), where V is an absolutely indecom- 
posable finite dimensional FG-module. 
(i) If p does not divide deg( V), then tl is an isomorphism if and only if 
Tr(a) is non-zero. 
(ii) Zfp divides deg( V), then Tr(a) = 0. 
Proof: Let F be the algebraic closure of F and let V, Cc be obtained from 
V, a by extending the scalars to z Let 2 be an eigenvalue of ~2, and let X= 
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(XG V(x(or-Al)‘=Of or some i). The PG-module X is a direct summand of 
V, and hence X= V. Therefore (E- Al) is nilpotent and Tr(a) = Tr(E) = 
Tr(ll) = i deg( V). The lemma now follows. 1 
We can now prove the two theorems stated in the Introduction. 
Proof of Theorem A. Suppose that W is a direct summand of U@ V, 
then we can factor the identity map on W as 1 w: W-+ U@ V-+ W. By 
Lemma 1 we obtain a: P”+ U@ IV’--+ V’ with Tr(a)=Tr(l,). Now 
Tr(1 w) = deg( W) which is non-zero as an element of F, hence a is an 
isomorphism and v’ is a direct summand of U@ IV. 1 
Proof of Theorem B. The identity map on W can be factored as 1 w: 
W+ UQ V+ W. By Lemma 1 we obtain a: V’+ UQ W’-+ V’ with 
Tr(a) = Tr( 1 w). But by Lemma 2, Tr(a) = 0, so Tr( 1 w) = 0 and therefore p 
divides deg( W). 1 
In Section 5 we shall see that Theorems A and B are exceedingly easy to 
use in character theoretic applications because the degree conditions in 
their hypotheses can be checked by inspection. 
An FG-module, V, is called self-dual if it has a non-singular G-invariant 
symmetric bilinear form (or equivalently if there is an FG-module 
isomorphism between V and V’). If V is self-dual (with a bilinear form 
( , )) and also supports a G-invariant trilinear form ([ , , ] say), then 
we can define a G-invariant bilinear (non-associative) product, . , on V via 
the equation (u . U, w) = [u, u, w]. Conversely, any product on V gives 
rise to a trilinear form defined by the same equation. If V does have a 
G-invariant product, . , and u E V we define the map ad(u) E Hom( V, V) by 
the equation u ad(u) = u . u. The Killing form of . is the symmetric bilinear 
form on V whose value at (u, w) is Tr(ad(v) ad(w)). 
LEMMA 3. Let V be a self-dual FG-module with a G-invariant product 
obtained from a totally symmetric trilinear form (that is a trilinear form 
whose value is unchanged by permutations of its variables). Zf the Killing 
form on V is non-triuial, we can define FG-module homomorphisms: 
V + y V@ V +’ V, which give a non-zero composite map, ya. Moreover, zf 
the Killing form is non-singular then ya is an isomorphism. 
Proof: Let (u~)~~, be a basis of V, and let (u~}~~, betne dual basis with 
respect o the given bilinear form, ( , ), on V. Let ai,j,k = [vi, vj, uk] and 
let v’ = C b, juj. We can permute i, j, and k without changing the value of 
ai,j,k and we can also interchange i and j without altering bi,j, because 
bj,i = (vi, vi) = (vi, vi> = b,, j. 
The given product on V defines a map, a: vi Q vj H C a, j,kuk : 
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V@ V+ I/. By duality we obtain a map, y: I/H V@ V defined by uk H 
C a, jkui@ uj. We calculate . . 
vkYa =I ai,j.kbi,,bj,ma,,m,nVn (t) 
We compute the Killing form, K( , ), at (u,, u,) from ui ad(u,) ad(v,) = 
C ai,k.jbj.mam,n.~b~.,u~~ This gives 
The lemma follows by comparing the forms of (*) and (t). 1 
The result quoted in the introduction as Lemma X is an easy corollary 
of Lemma 3. Finally we make some very elementary observations about 
self-dual modules. 
LEMMA Y. Suppose that V is a self-dual module with a self-dual 
irreducible homomorphic image, W say. if the multiplicity of W as a com- 
position factor of V is 1, then W is a direct summand of V. 
Proof By duality we obtain a sequence of homomorphisms: WE W’ c 
V’ z V + W. Since W is irreducible, the composite is either zero or an 
isomorphism; if it is zero then W is a homomorphic image of V/W and W 
has multiplicity at least 2 as a composition factor of V. 1 
COROLLARY 1. Suppose V is a self-dual module all of whose irreducible 
constituents have distinct degrees, then V is the direct sum of its irreducible 
constituents. 
From Corollary 1 we obtain 
LEMMA Z. Suppose that there is just one repeat, d say, among the 
degrees of the irreducible constituents of a self-dual module V. If V has an 
irreducible direct summand of degree d, then V is the direct sum of its 
irreducible constituents. 
5. IDENTIFICATION OF THE CHARACTER TABLE OF He 
In this section we apply the results proved in Section 4 to rule out all but 
one of the possibilities which we obtained for the Brauer table of He. We 
make use of the following equations giving the atomic constituents of cer- 
tain tensor products of characters. These equations give decompositions in 
terms of the set of Brauer atoms exhibited at the end of Section 3, and 
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Brauer atoms which could conceivably fuse together into an irreducible 
Brauer character are bracketed together in the equations: 
A*50=153+1072 (0) 
S’50=1+50+426+(50+748) (1) 
50@153=50+153+426+1072+1700+(153+4096) (2) 
/l*153=153+(153+4096)+(1072+6154) (3) 
S* 153 = 1 + 50 + 426 + 426 + (50 + 748) + 1072 + 1700 + 3654 + 3654. (4) 
We also need a few results about nonassociative algebra structures on the 
50-dimensional He-module, V. For the moment the following properties 
are sufficient (see Appendix 1 for details). 
V supports an essentially unique He-invariant commutative product, 
(v, U) H u . U, say. The Killing form, K( , ), defined by this product is non- 
zero and gives rise to a totally symmetric trilinear form, [u, U, w] = 
K(u U, w) on V. (Essentially unique means that the only other possible 
products are scalar multiples of . ). 
Lemma X shows that S2 50 has a 50-dimensional direct summand, and 
combining this with Lemma Z and .Eq. (l), we see that S* 50 is the direct 
sum of its irreducible constituents. Therefore the Brauer atoms of degrees 
748 and 50 must fuse into a single irreducible Brauer character of degree 
798 (otherwise there would be too many He-invariant products on V). 
Equation (2) shows that Hom(SO@ 153, 153) is non-trivial (because if 
153 is not a direct summand of 500 153, then it must occur both as a 
submodule and as a quotient of this tensor product). Therefore 
Hom( 153 @ 153, 50) is also non-trivial. But in S* 153, the Brauer atom of 
degree 748 must fuse with one of the Brauer atoms of degree 50. Therefore 
Hom( 153 @ 153, 50) is at most l-dimensional (from Eq. (3) and (4)). We 
conclude that 
dim(Hom(l53@153,50))=dim(Hom(50@153, 153))=1. (5) 
In particular, applying Lemma Y to Eq. (4) and (5) shows that 50 is a 
direct summand of 153 0 153. Now by Theorem B, 153 is a direct sum- 
mand of 50 @ 153, and Lemma Z shows that 50 @ 153 is the direct sum of 
its irreducible constituents. Finally, we can reuse Eq. (5) to deduce that 153 
has multiplicity 1 as an irreducible constituent of 500 153. Therefore the 
Brauer atoms of degrees 4096 and 153 must fuse to produce an irreducible 
character of degree 4249. 
Our final unanswered question is whether the Brauer atoms of degrees 
1072 and 6154 fuse to form an irreducible Brauer character; to answer this 
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question we construct an explicit element of Hom(d* 153, 1072). We start 
by building a 153-dimensional He-module. 
Given a pair of vectors u and w in V, we define an endomorphism of V: 
A[u, w] E Hom( V, V) and we let A denote the subspace of Hom( V, V) 
spanned by maps of this form. 
LEMMA 1. A is a 153-dimensional He-module. 
Proof: Observe that the Killing form ( , ) gives us an isomorphism, 
Hom( V, V) + VO V, mapping CI H C (eicl, ej) ei @e,. The preimage of 
A2 V is the subspace, E, , >, consisting of homomorphisms CI satisfying: 
(UCL, w) = -(u, wa). And if u and w are in V, A[u, w] E E,, > (because 
(xA[u,w],y)=(x~u,y~w)-(x.w,y.u) 
- (4 U><Y, w> + (4 W>(Y, u> 
which is negated when we we interchange x and y). 
Now A[u, w] is an anti-symmetric, bilinear function of u and w, so we 
obtain He-module homomorphisms: /1* V-+ A c E, , ) z 153 + 1072. In 
Appendix 1 we show that the first of these maps is non-zero and that its 
kernel contains a non-zero vector fixed by a subgroup, TZ 26, of He. By 
restricting the 153-dimensional character of He to T, we find that T fixes 
no vectors of a 153-dimensional He-module. We conclude that A must be 
the irreducible 153-dimensional He-module. 1 
Regarded as a subspace of Hom( V, V), E, , > is closed under the usual 
Lie bracket. In Appendix 1 we describe a pair of maps A, and A, belonging 
to A whose Lie bracket, [A,, A,] lies in E < , ) \A. (It is not at all surprising 
that such elements of A should exist, since if there were none, A would 
carry the structure of a He-invariant modular Lie algebra). We obtain a 
non-trivial compositite homomorphism: A*A + E, , > + 1072 (the lirst 
homomorphism is obtained from Lie multiplication in E, , > and the second 
is the natural projection). Hence Hom(/i* 153, 1072) is non-trivial. In 
particular, the Brauer atoms of degrees 1072 and 6154 in Eq. (3) cannot 
possibly fuse into an irreducible character. We conclude that the Brauer 
atom of degree 6154 is actually an irreducible character of He, and this 
deduction completes our calculation of the 7-modular character table of 
He. Since we have obtained all of our irreducible characters as linear 
combinations of ordinary characters of He, we can easily fill in the 
character entries as given in the table in the Introduction. 
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APPENDIX 1: THE He-INVARIANT NONASSOCIATIVE ALGEBRA 
From [7] we know 51 x 51 matrices which generate the Held group. The 
underlying vector space, p, is the direct sum of irreducible He-modules of 
degrees 1 and 50. In order to describe p we need the following information 
about the hexacode (see also Cl, 3, or 71). The hexacode is the 3-dimen- 
sional subspace of fl spanned by the vectors (1, 1, 1, 1, 0, 0), (0, 1, 0, 1, w, 
W), (0, 0, 1, 1, 1, 1). The ith coordinate of a hexacode word, x, is written 
x(i), and we define Ix(i)1 to be either 0 (if x(i) =0) or 1 (otherwise). A 
codeword x is called a shortword if it has exactly two zero coordinates. The 
hexacode is made up by 45 shortwords, 18 longwords, and the zeroword. 
We give a basis of p which is orthonormal with respect to a He-invariant 
bilinear form, ( , ). Our basis consists of vectors {uiji= 1,,..,6 together with 
one vector v, for each short hexacodeword. There is a He-invariant bilinear 
product on v which is defined by 
ui * u, = 5 Ix(i)1 u, 
-0, vj * vj = 
if i= j; 
0 otherwise; 
if x=x’; 
if x’ E (q, Ox}; 
if x + w’x’ is short for all i; 
if x + mix’ is short only when 3 ) i; 
if x + x’ is long. 
If v E p, let Ad(u) be the map u H u * v. The vector -C vi is an identity 
element of our algebra, and it forms the l-dimensional submodule of I? 
The orthogonal complement of -C vi gives a 50-dimensional complemen- 
tary submodule, V say. We shall use a basis of V which consists of the 
vectors v, together with the live vectors { wi = vi -v, >i=2,.,.,5. It is a routine 
matter to restrict the known generators of He to V and to check that there 
is just a l-dimensional space of He-invariant trilinear forms on V. I have 
carried out this computation both by hand and by computer. The resulting 
He-invariant product, . , on V is related to * as follows: let v and u be two 
vectors of L’, then v . u = v * u - (v, u) IF= 1 vi. 
The definitions given above allow us to obtain the following properties 
of the algebra (I’, . ). These properties were needed in Section 5. 
PROPERTY 1. The trilinear form [u, v, w] = (u . v, w ) is totally sym- 
metric. 
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Proof. If u, v, and w are vectors of V, (u.v, w)= 
(u*v--(~,v)~v~,w) = (u*u,w)(sinceVisorthogonaltoC~~).Soto 
prove the total symmetry of [ , , 1, we just need to observe that * gives 
rise to a totally symmetric form on P (which is clear from the given values 
of *). 1 
PROPERTY 2. The Killing form of . is a non-zero multiple ( , ) and in 
particular is non-singular. 
ProoJ Equation 1 of Section 5 shows that up to scalar multiples there 
is just one symmetric bilinear form on I’, namely ( , ). So it is enough to 
show that the Killing form on V is not identically zero. Now the matrix of 
ad(w,) is the direct sum of forty-five 1 x 1 blocks and a 6 x 6 block. The 
forty-five 1 x 1 blocks consist of 21 zero blocks, 12 blocks with value 5, and 
12 blocks with value - 5. The 6 x 6 block is 
4 5 5 5 5 
6 6 6 6 6 
6 6 6 6 6 
6 6 6 6 6 
6 6 6 6 6 
Thus Tr(ad(w,) ad(w,)) = 4 # 0, and therefore the Killing form on V is 
non-singular. 1 
Our basis of P is chosen so that a particular subgroup Tr 2’j of He acts 
diagonally (see [7]). Indeed the restriction of P to T decomposes as the 
direct sum of six trivial modules (the spaces (v, ) . . . ( v6 )) and forty-five 
non-isomorphic, non-trivial l-dimensional T-modules (the spaces (v,)). 
PROPERTY 3. The vector w2 A w, is fixed under the action of T on 
I’ A I’, but A[w,, WJ = 0. 
Proof. Let 17 be the projection from P to V. Let x be any vector of V, 
then 
x ACw,, WI = (x(Ad(w,) Ad(w,) - Ad(w,) Ad(w,))) fl. 
But the maps Ad(w,) and Ad(w,) commute (because all six maps Ad(vi) 
act diagonally on our basis of V). 1 
PROPERTY 4. Choose any fixed short hexacodeword, x, Then the Lie 
product of the maps A[w,, vx] and A[w,, ux] is non-zero and isfixed by T. 
The calculation required for this is similar, but slightly harder than those 
described above. 
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APPENDIX 2: INDUCED PROJECTIVES 
We shall give details of the projective table, S which was described and 
used in Sections 2 and 3. Our construction of projective characters is based 
on the fact that if G is a group with a subgroup H, and if W is a projective 
H-module then the G-module induced from W is a projective G-module. In 
general, considerable care is needed when we take the characters of these 
modules, for the p-modular projective characters of G depend on the choice 
of a homomorphism from the G,! th roots of unity in C to the G,,th roots 
of unity in a field of characteristic p. The p-modular projective characters of 
H depend on a similar choice of a map on roots of unity, and in order to 
be able to induce from projective characters of H to G we must take care to 
make the same choices of maps, However, in the case of the Held group, 
we observed in Section I that there are no irrationalities in the character 
values on the principal block and therefore this problem does not arise. 
Most of the rows of S (see Table II) which we use are obtained from 
ordinary characters induced from S,(4) : 2 (these are projectives since 7 is 
not a divisor of /S,(4) : 21). A typical row of S is of the form: 
(x is a projective character of H 6 He; and rci . . rc, are the characters of the 
PIMs which do not belong to the principal block of He. We let $, ... $, 
denote the dual collection of irreducibles-the values of these characters 
are given by the first eight rows of Table I in Section 1, and we assume 
that they are ordered as in that table. The multiplicities mi are given by 
mi = (XT, 1+5~)). Table II describes the rows of S which are obtained from 
characters induced from S,(4) : 2. 
TABLE II 
x 
1+ 
34: 
50+ 
85, 
85; 
153- 
153’ 
256+ 
340: 
340; 
450, 
“1 m2 m3 m4 m5 m6 ml ma 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 1 
0 0 0 0 0 0 1 0 
0 0 1 1 1 0 0 1 
0 0 1 1 0 0 1 0 
0 0 0 0 2 0 0 2 
0 0 0 1 0 0 1 1 
0 0 1 2 1 1 2 2 
0 0 2 4 2 0 2 3 
0 0 4 3 5 1 1 2 
1 0 4 4 7 2 1 3 
deg(S,) 
2058 
27097 
65856 
77518 
106673 
182476 
211462 
267883 
352941 
325850 
417088 
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(In the second column, the subscript indicates the position (in [ l]( of a 
character of S,(4) : 2 among those of the same degree. A superscript 
indicates whether the character values on outer elements agree ( + ), or 
disagree ( - ), with those given in [ 1 I). 
The rows of S that are given were used to obtain our first Candidate 
P-Table. We only made use of three other rows of S, Sr2 which is obtained 
as /1’S,, S,3, and S,4. S,3 is induced from the trivial character of a sub- 
group of type 3. Sb, and S,4 is induced from the defect 0 character, 14;, of 
3 .s,. 
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